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Five lectures:

1. Dirac operatorv’

2. Atiyah-Singer revisitedv’

3. What is K-homology?v’

4. The Riemann-Roch theorem

5. K-theory for group C* algebras



THE RIEMANN-ROCH THEOREM

1. Classical Riemann-Rochv’

2. Hirzebruch-Riemann-Roch (HRR)

3. Grothendieck-Riemann-Roch (GRR)

4. RR for possibly singular varieties (Baum-Fulton-MacPherson)
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HIRZEBRUCH-RIEMANN-ROCH

M non-singular projective algebraic variety / C
FE an algebraic vector bundle on M

E = sheaf of germs of algebraic sections of E
HJ (M, E) := j-th cohomology of M using E,
j=0,1,2,3,...



LEMMA
Forall j =0,1,2,... dim¢c H' (M, E) < oo.

For all j > dim¢ (M), HY(M,E)=0.

X(M,E) := zn:(—nj dim¢ H (M, E)
j=0

n = dim(c(M)

THEOREMI[HRR] Let M be a non-singular projective algebraic
variety / C and let E be an algebraic vector bundle on M. Then

X(M, E) = (ch(E) UTd(M))[M]



Hirzebruch-Riemann-Roch

Theorem (HRR)

Let M be a non-singular projective algebraic variety / C and let E
be an algebraic vector bundle on M. Then

X(M, E) = (ch(E) UTd(M))[M]



EXAMPLE. Let M be a compact complex-analytic manifold.

Set QP71 = C°°(M, APIT*M)

QP4 is the C vector space of all C* differential forms of type (p, q)
Dolbeault complex

0 QO’O QO,l QO,Q L QO,n 0

The Dirac operator (of the underlying Spin® manifold) is the
assembled Dolbeault complex

1o @Y s Pos ¥t
J J

The index of this operator is the arithmetic genus of M — i.e. is
the Euler number of the Dolbeault complex.



Let X be a finite CW complex.
The three versions of K-homology are isomorphic.

—

<_Kj(X) — KK’(C(X),C)

K;Lomotopy (X)

homotopy theory K-cycles Atiyah-BDF-Kasparov

j=0,1



Let X be a finite CW complex.
The three versions of K-homology are isomorphic.

—

<_Kj(X) — KK’(C(X),C)

K;Lomotopy (X)

homotopy theory K-cycles Atiyah-BDF-Kasparov

j=0,1



X is a finite CW complex.

CHERN CHARACTER

The Chern character is often viewed as a functorial map of
contravariant functors :

ch: KV(X) — @HM’ X;Q)

j=0,1

Note that this is a map of rings.



X is a finite CW complex.

A more inclusive (and more accurate) view of the Chern character
is that it is a pair of functorial maps :

ch: K9(X) — @HJ+2I X;Q) contravariant

chy: K @ j+21(X;Q) covariant

K.(X) is a module over K*(X).
H,.(X;Q) is a module over H*(X;Q). cap product
The Chern character respects these module structures.



Definition of the Chern character in homology j=0,1

chy: K @ i+21(X; Q) covariant

chy (M, E, @) := @.(ch(E) UTd(M) N [M])

H.(M;Q) — H.(X;Q)

ch(E)UTd(M)N[M] := Poincare dual of ch(E) U Td(M

)



K.(X) is a module over K*(X).

Let (M, E, ) be a K-cycle on X.
Let F' be a C vector bundle on X.

Then:

and the module structure is respected :

chy(F - (M,E,)) = ch(F)Nchy(M,E, )



K-theory and K-homology in algebraic geometry

Let X be a (possibly singular) projective algebraic variety /C.
Grothendieck defined two abelian groups:

KO

X) = Grothendieck group of algebraic vector bundles on X.
alg

Kglg(X) = Grothendieck group of coherent algebraic sheaves on
X.

KO

alg(X) = the algebraic geometry K-theory of X contravariant.

Kglg(X) = the algebraic geometry K-homology of X covariant.






K-theory in algebraic geometry

Vecty g X =
set of isomorphism classes of algebraic vector bundles on X.

A(Vectqy X) = free abelian group
with one generator for each element [E] € Vecty, X.

For each short exact sequence &
0—-F —-E—E"-0
of algebraic vector bundles on X, let r(§) € A(VectqyX) be

r(§) == [E] + [E"] - [E]



K-theory in algebraic geometry

R C A(Vectqy(X)) is the subgroup of A(Vect,;yX)
generated by all 7(£) € A(VectyqX).

DEFINITION. K9, (X) := A(Vectay X)/R

Let X,Y be (possibly singular) projective algebraic varieties /C.
Let

fiX —Y

be a morphism of algebraic varieties.
Then have the map of abelian groups

f*: Kt(z)lg(X) — Kglg(Y)
[f*E]  [E]

Vector bundles pull back. f*FE is the pull-back via f of F.



K-homology in algebraic geometry

SigX =
set of isomorphism classes of coherent algebraic sheaves on X.

A(Sa9X) = free abelian group
with one generator for each element [£] € Sy, X.

For each short exact sequence &
058 —=E-E"-0
of coherent algebraic sheaves on X, let r(§) € A(Sq4X) be

r(©) =€+ [E"] - [€]



K-homology in algebraic geometry
R C A(Sq4(X)) is the subgroup of A(SqyX)
generated by all 7(£) € A(SuX).
DEFINITION. KZ¥(X) 1= A(SyyX)/R

Let X,Y be (possibly singular) projective algebraic varieties /C.
Let

i X—Y

be a morphism of algebraic varieties.
Then have the map of abelian groups

for K§9(X) — KgH(Y)

[€] = (1) [(R7 £)E]



f: X =Y morphism of algebraic varieties
&€ coherent algebraic sheaf on X
For j > 0, define a presheaf (W7 f)€ on Y by

U~ H(f'U; €|1f710) U an open subset of Y’

Then A ‘
(R’ )€ := the sheafification of (W7 f)E



f: X =Y morphism of algebraic varieties

for K§¥(X) — KgH(Y)
[€] = B5(~1Y[(R f)€E)



SPECIAL CASE of f.: K§¥(X) — KJ¥(Y)

Y is a point. Y =

€: X — - is the map of X to a point.
!

Kgy() =Kg?() =2

e KIW(X) = K{W() =1

(&) = x(X;8) = 8 (=1)/dimc HY (X; €)



X non-singular = K7 (X) = KY(X)

Let X be non-singular.

Let E be an algebraic vector bundle on X.

E denotes the sheaf of germs of algebraic sections of E.
Then F — E is an isomorphism of abelian groups

K%, (X) — K§¥(X)

This is Poincaré duality within the context of algebraic geometry
K-theory&K-homology.



X non-singular = K7 (X) = K"

Let X be non-singular.

The inverse map
al
Ky (X) — ngg(X)

is defined as follows.

Let F be a coherent algebraic sheaf on X.
Since X is non-singular,
F has a finite resolution by algebraic vector bundles.



X non-singular — K9 (X) = K{"(X)

alg

F has a finite resolution by algebraic vector bundles.
i.e. 3 algebraic vector bundleson X FE,, E._1,...,Fy and an
exact sequence of coherent algebraic sheaves

O—E —E_1—...>E—F—=0

Then K§¥(X) — K9,

(X)is

F = Zj(—l)j E]’



Grothendieck-Riemann-Roch

Theorem (GRR)

Let X,Y be non-singular projective algebraic varieties /C , and let
f: X — Y be a morphism of algebraic varieties. Then there is
commutativity in the diagram :

K((z)lg(X) S Kc(b)lg(Y)

ch()UTd(X) | L ch()UTd(Y)
H*(X;Q) — H*(Y;Q)



WARNING!!!
The horizontal arrows in the GRR commutative diagram

Kglg(X) — K(E)lg(Y)
ch()UTd(X) | L ch()UuTd(Y)
H*(X;Q) — H*(Y;Q)

are wrong-way (i.e. Gysin) maps.

~ l fx l ~
Ko (X) = K9 (X) == Kg(Y) = Ky, (Y)

H*(X;Q) = H.(X;Q) 15 H.(V;Q) = H*(Y;Q)

Poincaré duality Poincaré duality



Riemann-Roch for possibly singular complex projective
algebraic varieties

Let X be a (possibly singular) projective algebraic variety / C
Then (Baum-Fulton-MacPherson) there are functorial maps

ax: Kglg(X) — K?OP(X) K-theory contravariant
natural transformation of contravariant functors

v K9(X) — KIP(X K-homolo covariant
0 0 gy
natural transformation of covariant functors

Everything is natural. No wrong-way (i.e. Gysin) maps are used.



ax: K9 (X) — K§,,(X)

is the forgetful map which sends an algebraic vector bundle £
to the underlying topological vector bundle of E.

aX(E> = Etopological



Let X,Y be projective algebraic varieties /C , and let f: X — Y
be a morphism of algebraic varieties. Then there is commutativity
in the diagram :

Kglg(X) — K((z)lg(y)
ax | lay

Kl?op(X) — Kz?op(y)

i.e. natural transformation of contravariant functors



Let X,Y be projective algebraic varieties /C , and let f: X — Y
be a morphism of algebraic varieties. Then there is commutativity

in the diagram :
Koug(X) +— Kqg(Y)

alg
ax | lay
K (X) +— Kp (V)
ch | 4 ch

H*(X;Q) +— H*(Y;Q)



Let X,Y be projective algebraic varieties /C , and let f: X — Y
be a morphism of algebraic varieties. Then there is commutativity

in the diagram :
al al
Kg?(X) — Kg“(Y)

Bx 1 By
KoP(X) — KP(Y)

i.e. natural transformation of covariant functors

Notation. K7 is K-cycle K-homology.



Let X,Y be projective algebraic varieties /C , and let f: X — Y
be a morphism of algebraic varieties. Then there is commutativity

in the diagram :
Koug(X) +— Kqg(Y)

alg
ax | lay
K (X) +— Kp (V)
ch | 4 ch

H*(X;Q) +— H*(Y;Q)



Let X,Y be projective algebraic varieties /C , and let f: X — Y
be a morphism of algebraic varieties. Then there is commutativity

in the diagram :
KG(X) — Kg(Y)

Bx 4 1 By
K§™(X) — K" (Y)
Ch# \L \L Ch#

H.(X;Q) — H.(Y;Q)



Definition of Bx: Ki¥(X) — KI(X)

Let F be a coherent algebraic sheaf on X.

Choose an embedding of projective algebraic varieties
t: X =W

where W is non-singular.

1 F is the push forward (i.e. extend by zero) of F.
L+ F is a coherent algebraic sheaf on W.



L+ F is a coherent algebraic sheaf on W.
Since W is non-singular, ¢.F has a finite resolution
by algebraic vector bundles.

O—=E —E_1—...>Ey—=u.F—0

Consider
O—-F —FE.,_1—...5>FE—0

These are algebraic vector bundles on W and maps of algebraic
vector bundles such that for each p € W — (X)) the sequence of
finite dimensional C vector spaces

0= (E)p—= (Ero1)p = ... = (Ep)p =0

is exact.



Choose Hermitian structures for F,., E,._1,..., Ey
Then for each vector bundle map

o Ej — Ej,1
there is the adjoint map

o*: Ej (—EJ’,1
cdo": @Egj — @E2j+1
J J

is a map of topological vector bundles which is an isomorphism on
W —(X).



Let €2 be an open set in W with smooth boundary 052
such that Q = QU 0 is a compact manifold with boundary
which retracts onto ¢(X). Q — «(X).
Set
M=0Q Usn Q

M is a closed Spin® manifold which maps to X by:

(p:MZﬁUagﬁ—)ﬁ—)L(X):X



On M = QUgq Q let E be the topological vector bundle
B =D Bz Vo) D Fain
J J

Then Bx: KJ¥(X) = K (X) is :

F = (M,E, )

M = QUyq N



Equivalent definition of Bx: KJ¥(X) — K’(X)

Let (M, E, ) be an algebraic K-cycle on X, i.e.

m M is a non-singular complex projective algebraic variety.
m F is an algebraic vector bundle on M.

m o: M — X is a morphism of projective algebraic varieties.

Then:
/BX(SO* (E)) = (M7 E, So)topological



Module structure

Ky, (X) is a ring and KJ%(X) is a module over this ring.
ax: Kglg(X) — K?OP(X) is a homomorphism of rings.

Bx: Kglg(X) — K}P(X) respects the module structures.



Todd class
Set
td(X) = chy (Bx(Ox)) td(X) € H (X;Q)
If X is non-singular, then td(X) = Todd(X) N [X].
With X possibly singular and E an algebraic vector bundle on X
(X, E) = e.(ch(E) N td(X))

€: X — - is the map of X to a point.

&t Ho(X;Q) — Hi(- Q) =Q



Let

X

be resolution of singularities in the sense of Hironaka.
Tt Ho(X;Q) = Ho(X;Q)

Lemma. ,(Td(X) N [X]) is intrinsic to X i.e. does not depend on
the choice of the resolution of singularities.



td(X) € H.(X : Q) is also intrinsic to X.

td(X) — m.(Td(X) N [X]) is given by a homology class on X
which (in a canonical way) is supported on the singular locus of X.

Problem. In examples calculate td(X) € H.(X;Q).

For toric varieties see papers of J. Shaneson and S. Cappell.



